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A CHARACTERIZATION OF COVERING EQUIVALENCE 



Hao Pan (Shanghai) and Zhi-Wei Sun (Nanjing) 

Abstract. Let A = {as(mod ris)}^^^ and B = {6t(mod mt)}\^-^ be 
two systems of residue classes. If|{l^s^fc: x = as (mod ns)}| and 
X = bt (mod mt)}| are equal for all a; G Z, then A and 
B are said to be covering equivalent. In this paper we characterize the 
covering equivalence in a simple and new way. Using the characterization 
we partially confirm a conjecture of R. L. Graham and K. O'Bryant. 



1. Introduction 

For n G Z""" = {1, 2, 3, ... } and a G {0, . . . , n — 1}, we simply use a{n) 
to denote the residue class {x G Z : x = a (mod n)}. For a finite system 

A = {a,(n,)}Li (O^a, <n,) (1.1) 

of residue classes, the tt-i,... , nfc are called its moduli and its covering 
function wa : Z — > N = {0, 1, . . . } is given by 

WAix) = \{1 ^ s ^ k : X e asins)}\. (1.2) 

(The covering function W0 of an empty system is regarded as the zero 
function.) The periodic function wa{x) has many surprising properties 
(cf. [S03a], [S04] and [S05a]). 

Let m be a positive integer. If WAix) = m for all x G Z, then (1.1) is 
said to be an exact m-cover of Z as in [S95] and [S96]. Recently Z. W. 
Sun (cf. [S04] and [S05b]) showed that (1.1) forms an exact m-cover of Z 
if it covers \S{ni, . . . , nk) \ consecutive integers exactly m times, where 

S'(ni, . . . ,nk) = \ — : r = 0, . . . , - 1; s = 1, . . . , /c L (1.3) 
In, J 

For problems and results on covers of Z by residue classes, the reader is 
referred to [FFKPY], [G04] and [S03b]. 

For two finite systems A = {as{ns)}^=i and B = {ht{mt)}\^i, Sun [S89] 
called A and B covering equivalent (in short, A ~ S) if they have the same 
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covering function (i.e., wa = wb)- Thus (1.1) is an exact m-cover of Z 
if and only if (1.1) is covering equivalent to the system consisting of m 
copies of 0(1). 

In [SOI] and [S02] Sun characterized the covering equivalence by various 
systems of equalities. In this paper we present a simple characterization 
involving roots of unity. Namely, we have the following result. 

Theorem 1.1. Let A — {as{ns)}^g^i (0 ^ < n^) and B — {ht{mt)}\^i 
(0 ^ 6t < mt) he two finite systems of residue classes. Let p be a prime 
greater than |iS'(ni, . . . , n^, mi, . . . , mi)\, and let be a primitive pth root 
of unity. Then A and B are covering equivalent if and only if 

k AOs ^ Afet 

= \^—^ . (1.4) 

s=l t=l 

Corollary 1.1. (1.1) forms an exact m-cover o/Z if and only if 



s=l 



(1.5) 



where p is any fixed prime greater than \S{ni, . . . , nk)\. 

Proof. Simply apply Theorem 1.1 with B consisting m copies of 0(1). □ 

Remark 1.1. In 1975 S. Znam [Z75a] used the transcendence of e to prove 
that (1.1) is a disjoint cover (i.e., exact 1-cover) of Z if and only if 

A e«« _ 1 
^ 1 - e*^- ~ 1 - e ' 

8 = 1 

Corollary 1.2. Suppose that for nonempty system (1.1) we have 

^2iTias/p 



8=1 



= 



where p is a prime. Then 

niH hnfc-fc + l^ \S{nx, . . . ,nfe)| ^ p. (1.6) 



Proof. Clearly \S{ni, . . . , n^) \ ^ni + -- - + nfe — /c + 1. Since we don't have 
^ ~ 0, applying Theorem 1.1 with B = $ we find that |<S'(ni, . . . ,nfe)| 
cannot be smaller than p. This concludes the proof. □ 

Corollary 1.2 partially confirms the following conjecture arising from the 
study of Fraenkel's conjecture on disjoint covers of N by Beatty sequences. 
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Graham— O 'Bryant Conjecture ([GO]). Let rii, . . . , be distinct pos- 
itive integers less than and relatively prime to q & li^ . If ai, . . . ,ak G Z 
and 

0, 



8=1 



then we must have Y^^s=i "^s ^ Q- 

The following example shows that we cannot replace the prime p in 
Corollary 1.2 or Theorem 1.1 by a composite number. 

Example 1.1. Let > 1 be an integer and let p be a prime divisor of q. 
Then, for any n = 1, . . . , — 1, we have 



PZI p2-Ki{8q/p)/q p2'Kis/p 
^ _ 1^8=0 ^ 

s=0 







but \S{n, . . . ,n) \ = n < q. Thus the conditions ^ < rig (s = 1, . . . , /c) 
in Corollary 1.2 cannot be cancelled. If q is composite, then there are 
q/p — 1 > integers in the interval {{p — l)q/p, 9 — 1]- So we cannot 
substitute a composite number for the prime p in Corollary 1.2. 

Corollary 1.3. Let A = {as(ns)}g^i (0 ^ < Us) and B = {bt{mt)}l^i 
{0 ^ bt < rrit) both have distinct m,oduli. Let p be a prime greater than 
|5'(ni, ... , nfc, mi, ... ,mi)\, and let Qp he a primitive pth root of unity. 
Then A and B are identical if and only if (1.4) holds. 

Proof. By a result of Znam [S75b] , A and B are identical if they have the 
same covering function. Combining this with Theorem 1 . 1 we immediately 
get the desired result. □ 

Observe that A = {as{ns)}s^i and B = {bt{mt)}l^i are covering equiv- 
alent if and only if 

fc I 
^ 1 + (-1) = for every x e Z. 

8 = 1 t=l 

x€aa{ns) x€bt(mt) 

Thus Theorem 1.1 has the following equivalent form which will be proved 
in the next section. 

Theorem 1.2. Let A = {(Ag, a^, where As,as,ns e Z and ^ 

as < Ug. Let p > \S{ni, . . . , nk)\ be a prime, and let (p be any primitive 
pth root of unity. Then ^ - {i.e., wa{x) = Ei^^^fc, xea,(n,) = for 
all X E Z) if and only if 

/■as 

-0. (1.7) 



8=1 ^ 
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2. Proof of Theorem 1.2 

Let S — S{ni, . . . , Uk). As p > \S\ ^ max{ni, . . . , Uk}, there is a com- 
mon multiple N e Z"*" of the moduli ni, . . . , such that N = 1 (mod p). 
Just as in [S05a] , we have 



N-l 



N-1 



r=0 



r=0 l^s^fc 
nsla,— r 



s=l 0^r<Ar 
reos(ns) 



A 



Thus 



JV-l 

E 

r=0 



8=1 



It follows that 



p-i 



J2^sj^ = ^ E< = 0' (2-1) 



where 

a:=0 



If w_^{x) = for all a; e Z, then (1.7) holds by the above. 

Below we assume (1.7). Then Yl^=o ^iCp = Y1!i^=q '^A{''')Cp = 0. In the 
case A?" = 1, it follows that wj,{x) = wji,{Q) — for all x G Z. 

Now suppose N > 1. Clearly > p as = 1 (mod p). Since 1 + x + 
• • • + x'P~^ = {x^ — l)/(a; — l)is the minimal polynomial of Cp over the 
field of rational numbers, we must have cq — ci = ■ ■ ■ = Cp_i. (See also 
M. Newman [N71].) Observe that if a; e Z then 

wj,{x) = E - E e'"''^'^ = E E — e''^'"'^^. (2.2) 

arig GZ 
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(This trick appeared in [S91] and [S04].) Since l^l < p, for each I 
0, . . . ,151 we have 



AT-l 



A. 



ci 



x=0 
x€l{p) 



JV-1 



—2'Kiax 



A 



8 = 1 



L(iv-i-o/pj 

J=0 



where |_-J is the greatest integer function. If/G{l,...,|S'|} then 



N -l-l 



P 



N -1 



P 



+ 



-I 



N -1 



P j P 



1; 



if a e 5 \ {0} then 



iN-l)/p-l 

C{a) := J2 e-'^'^'^'P^ 



I _ ^^-2niap^{N-l)/p ^ — g^Tri 



2 g— 27riap 

Let c = Co = • • • = Cp_i. By the above, 



2 g— 27riap 



^0. 



aG5 



for every j = 0, . . . , jS'l — 1, where 



P 



s=l 



and 



8 = 1 



for a e 5 \ {0}. 



Let CKo = 0, CKi, . . . , a\s\-i be all the distinct elements of S. Now that 

ISI-l 



E 



-2TTiatj 



f{at) = c for each j = 0, . . . , l^l — 1, 



by Cramer's rule Dt = Df{at) vanishes for every t = 1, . . . , 15*1 — 1, where 
D — det((e~^'^*"')-')o^j,t<|5| is of Vandermonde's type and hence nonzero. 
Therefore 

k 



E 

s=l 



A 



for al\aeS\ {0} 
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and hence w^(a;) — ^s=i As/n^ for all x e Z by (2.2). It follows that 

N-l k . \ -\ _ /-N 

r=0 s=l s=l 

So '^g^i Xg/ug — and hence .4 ~ 0. We are done. 
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